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INTRODUCTION.

When it is required to find out the weights of several light
objects on a chemical balance, it is possible to increase the precision -
of estimation by weighing the objects in suitable combinations. Let
there be p objects to be weighed and assume that N weighings are
made on a chemical balance. Let '

i

Xa ¢=—L{if the i-th object is placed on the right pan in the
_a-th weighing,

=1, if the i-th object is placed on the left pan in the a-th
weighing, o

=(), otberwisé; a=1,..... Ny i=1,, p.

The. observational equations from the N weighings may be
written as : '

Y=X w+-_e,

where Y=(y,, y,,... ~sYN) is the vector of observed weights,
X=(x,;) is the design matrix, w=(wy, ...... » wp)' is the vector of true
weights and e=(ey,.. ..., exr)’ is an N X 1 vector of random errors with
E (e)=0, E (ee')=c* I, where 0 is an Nx1 null vector and Iis the
N-th order unit matrix. Assuming that there is no bias in the
balance, for the estimation of p weights from N equations, we must
have N> p. If X'X is non-singular, the least-squares estimates are
given by )

A 4
w=(X"X)"* X'Y, with covariance matrix as (X'X) 167,
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The problem is to choose the design matrix X in such a manner
that the variance factors are minimised.

Various methods of construction of X are availablein literature.
One such method is to employ the incidence matrix of a balanced in-
complete block (BIB) design. - Consider a BIB design with parameters
v,byr,k, A, The incidence matrix N*<=(n;;) for this design is defined
as

my=1, if the j-th treatment oceurs in i-th block,
=0, otherwise.

The design matrix X for the chemical balance design is then
obtained by replacing in N*, 0 by —1. If the chosen BIB design is
symmetrical, and the de31gn is used for weighing p(=v) objects, no
degrees of freedom are left for the estimation of error variance. -In
such a situation, the whole design may be repeated once (or more) to
get sufficient d.f. for the estimation of error variance.

The present paper aims at suggestmg certain alternatives to the
“repeated” design.

2. SoME KNOWN RESULTS IN MATRIX ALGEBRA

In this section we state some results in matrix algebra, which
will be used later.

Let A be a matrix deﬁne& as
A=(a—b) Iy+bJon, | ' @.1)

where a and b are scalars, I, is the n-th order unit matrix and Jan 18
an nXn matrix with unit elements everywhere. Then, the two distinct
latent roots of A4 are 8,=a—b and 0,=a-(n—1) b with respective
multiplicities o;=n—1 and a,=1." ' Consequently,

Det. (4)=(a—b) [a-+(n—1) b] ‘ » (2.2)
The inverse of 4 is given by
A_lz(c_d) I, +dJy,, . 23

where

c=[a+(n——2)b] | [(a—b) {a+ (n—1)b}] (9
d=—b[[a—b{a+(m—-1)b)]. . - Y
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3. DESIGNS AND. RELATIVE EFFICEINCES:

3.1. Let N*be the incidence matrix of a symmetrical BIB
design with parameters v=>5, r=k, . Replace the zero in N* by —1
and call the derived matrix. as N;. Then, the “repeated” design
matrix for a chemical balance desxgn is given by

D, : X——l: ] e X))

For this design, we hzive,
(X’X)D1 =)2v—a) I 4o,y (3.2
Where- @=2 [v—4 (;—7\)] l o . .

Then, it is known from Dey (1971) that Det. (X'X)p, >0, for v;é2r
Using the results of section 2, the variance of any estxmated weight is
given by

A ' .
, Var. (w))p, =c*[(v—=2r)2—v+4 (r—N)] [ {8(r—N) (v—2r)*} (3.3)
and the covariance between any two estimated weights is

A
Cov. (wi, uﬁ)Dl —02[4(1—7\) vl [ {8(r—A) (v—2r)?}. 3.4

_ As alternatives to the “repeated” de51gn we suggest the following
- designs, namely D,, D,, D,, D

where N, is:ds in (3 I) and N, is the incidence matrix of the comple-
mentary BIB-design of N*. Clearly, N2 is the incidence matrix of the
design with parameters.

V=v, b=y, r'=v—r=k', N=y—2r+A

We have,

X' X)p, ={5C—W} L+ @—6r+50 T . (26)
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Using the results of section 2, one can _easily prove that
Det. (X'X)p, >0. The variance-covariance of the estimated weights
are given.by:

A c*{(2v—r)+4(v—2)(2v—6r-+5X)}

| Var. (w,)D2 ST—AM—2r P O—T)} ..(3.7)
A A ’ >_‘. —(2v—6r 4 5))c®

Cov. Wiy Wi)p, = 5G—N{(v—2rF0—r)%) ...(3.8)

. Ny _ N‘] '
D, : | X= Jw:l or X—[_Jw. ...(3.9)

Here, instead of repeating N,, we take v additional weighings
with all the v objects in the left or right pan. In fact, the two
de51gns in (3 9) are equally efficient. We have, '

(X X)p, =-{4(r—)\)}17,+{2v—4(r 7\)}]M " . (3.10)
It is easy to see that Det. (X"X)p,>0. Also,

X 2w+ (v—2)(2v—4r+40)}

‘ Yar. (W,)D 4("“7\){17&-*—(1’—2]')2} ’y --.(3.1;)
A A (v —4r + dN)e?

Cov. (Wi, W;,')D 4(,. 7\){V"‘+(V—2r)} ,--(3.12)

"P:‘:_I C X= 1—1:,’;] or X= x——:] . (3.13),

where N, is a square matrix of order v, derived from I, by replacing
the zero by —1. N, is derived from N; by replacing in N;, 1 by —1
and —1 by 1. The two designs in (3.13) are equally efficient. The
- designs in (3.13) amount to saying that with N, we take v additional
weighings in each of which only one object is placed on one pan and
“the (v—1) objects are placed on the other pan. -

For D,, we have

(X'X)p,=(r—at8) L+[2—4(—A+ Do (3.14)

‘ Further, ' ,
Det. (X'X)p,=l4(r—A+ 1)]"“[(v 2r)2+(v )2] «(3.15)
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Thus, Det. (X'X)p,>0, if v>2 or v+#2r. If v=2, v should be different
from 2r, whereas if v—2r v is always greater than 2, The variance-
covariance expressions are as follows : —

' A o {2v+(v--2)(2v—4r+-4r—4)}

Var. (W;)D 4(" 7\+l)[(v—2)‘ (V—’,?J')z] » ..-(3.16)
A —(2v—4r44r—4)o?

Cov. (w;, w")D4=4(r~7\+1)[(v—2)2+(v—2r)2] ..(3.17)

Dy - X=[1},—:]:] or X= [_]\;‘v :] ..-(3.18)

In the above design, we take with N, v additional weighings in
each of which only one object is placed on one pan, the others being
not included in that weighing. For the designs in (3.18),

(X' X)p,=[40r—N)+ 1)t [v—dr+ 40}, ...(3.19)
Det. (X'X)p,>0.

_ v+ D)F (=2 —4r+40)]
var. )p, = TaG—n)+ 1T +(—2r)] (3.20)

A A B —(v—4r+-43)c*
Cov.  Owi, wi)py. = [@r—N) T 11+ (—27)7]

.(3.21)

3'2. We have noted above that the design D; exist, when-
ever v#2r. As such, for the purpose of comparison, we restrict our
study to the following two series of symmetrical BIB designs for
constructing N, :

Sy v=b=4t—1, r=k=2t—1, A=t—1, t>1.*
Sy 1 veeb=s*4-5+1, r=k==s5+1, A=1, 5 is a prime-power.
The series S; is known for many vaiues of ¢t and it is surmised

that it exists for all values of t. The solutions for this series of
designs is available in Takeuchi (1962) for all ¢ satisfying 1<z 15.

- Substituting the parameters of S; in the expressions (3.3), (3.7),
(3.11), (3.16) and (3.20) we get,

*For t=1, the design of the series Sy is not a BIB demgn however, this
does not affect our subsequent results.
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Var. (Wi)D11=G2/4t- ...(3.22)
(‘*_fz_—’_“)_“ S .(.29)
‘ Var. (W')D 5[(1'}‘4“) . . .
A (@3—12&_4)52 ..(3.24)
. Var. (w.-)Dm= 41(16t2—8t+2) ) _
A (1612—28t+16)0® " .(3.25)
Var. (w,) —(4t+4)(16t2 24¢4-10)

A 3t «.(3.26)

00y = 2@+ 1) S :

In the above expressions, Dj; (i=1, 2,..., 5) denotes the design D;
when S; is used.

In what follows, we shall use the notation D; +D, to dex}\ote that
the design D; is super:or” to D;, i.e., Var. (w,)D <Var. (Wi)D f

however Var. (w,)D < Var (wf)D , the equality holdmg for certain
values of ¢, we shall write D; ,D, (D; is “at least as good as” D).

A comparison of the expressions (3. 22) to (3.26) yields the
followmg results,

() D, D, for all t>1.
(i) D, » Dy, for all 2>1.
@iiiy Dy Dy, for all t>1.
(i) D, » D;, for all t2>1.
()] D, »_D,, for all #2>1, equality holding for r=1.
- (vi) l D, »D,, for 1<t<4 ; D, D, for t >5.
(vi)) Dy i Ds, for all t>1. ‘
@i}y D, $Ds, for all t>1.
(ix) D, Dy, for all t>1.
' (x) D, ¥ D;, for all t>>1.
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Now, consider the second series S,. The variance expressions
are as follows :

A (s°—25*—25+5)0? ' ' :
. ) = . ...(3.27
Var. (w )Dm 8(sT—s—1) (3.27)
A (253 —252—3516)c?
Var. (w;)Dn= 52 28— 25T ) ...(3.28)

A (s3—¥—3)<5.2
Ver (), = IEEE T ...(3.29)

A (s8—25%+s-+2)o”
Var.  (w), =4GT D —s+1) +(3.30)

A (54—283—2s2+55‘+n0'2 (3 31)'
Var. (Wg')Dsz—_‘_ (as+ 1)(s"—28° —5*+25+2) e

A comparison of the expressions (3.27) to (3.31) yields the
following results.

@ D, % D, for all s except for s==2, when D, - Di.

@iy D }Ds,tfor all s except for s=1, 2, when D3 ¢ Ds.
(iii) D, $D,, for all s>2. At s=1, D,=D, and ats=2,

D, +D;.

(v) D, D, for all s.

) D, + Dy, for all s>1. At s=1, D; D,

(i) D, %D, for all s»5. For 1<s<4, D, >D,.

i) D, ¥ Ds, for all s>1. At's=1, D,=D;.
(viif) Dy D, for all s>1. For s=1. D, ¥ D,

(ix) D Dy, for all s>2. For s=1,2, D; ¥ Ds.

(x) D, ¥ D, for all s.

(The above results are based on actual computations for all permis-
sible values of s in the range 1<s<500).

4. SUMMARY

The present paper discusses various weighing designs suitable
for the chemical balance problem. Some of these have been shown
to be superior to the “repeated”’ design. =
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